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Abstract 

A complete description of traces on R” of functions from the weighted Sobolev 
space 7)1 ^ ^ weight 7 G is obtained. In the case 

I = 1 the proof of the trace theorem is based on a special nonlinear algorithm 
for constructing a system of tilings of the space R". As the trace of the space 
Wd(R"“''^,7) we have the new function space Z{{'yk,m})- 
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1. Introduction 

The problem of exact description of the trace space (on the boundary of 
a domain) of a weighted Sobolev space has a long history. A short survey of the 
available results in this direction is given in [^. It is worth pointing out that, 
5 since the appearance of the pioneering work of Gagliardo a long time ago, it 
was only in [ij, Q| that a complete description of the trace space on R" of the 
weighted Sobolev space ITp(R"'+^,7), p G (l,cx)), with weight 7 G Ap°‘^(R”+^) 
was obtained. The solution of this problem, with such a high degree of generality, 
calls for the introduction of new modifications of Besov-type spaces of variable 
10 smoothness and new machinery for studying thereof. Thus, in the case p G (1, 00) 
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we have the result in the most general context possible at present. 

The thing gets much worse in the case p = 1 . Indeed, starting from 1957 , 
as far as the author is aware, the bibliography on this subject lists only the 
papers |^, Q], which put forward an exact description of the trace on R" by 
the weighted Sobolev space 7). However, a weight 7 in these papers 

was assumed to be a model function depending only on some highlighted group 
of variables. For example, in it was assumed that a weight 7 depends only 
on the coordinate Xn+i (note that in a more general multiweight case was 
considered, when different derivatives in the Sobolev norm are integrated with 
different weights, but all weights depend on the same coordinate Xn+i), and 
in Id it is assumed that 7 € HiflR"). 

n . . . . 

We note the recent paper , which contains many interesting results on the 
problem of exact description of the trace spaces of a weighted Sobolev spaces. 
However, in this paper it was assumed that the weight 7 = 7(^1,..., = 

with some constraints on the parameter a. 

Of course, such a lack of knowledge in the case p = 1 is due to the great 
difficulty of the problem. Attempts to find the trace of the space IF((R"+^,7) 
with fairly general 7 involve considerable difficulties. 

The machinery of Qi, B may not in principle be applied in this setting, 
because this approach depends on the Muckenhoupt theorem on the boundedness 
of the Hardy-Littlewood maximal operator in weighted Lebesgue spaces (this 
result fails for p = 1 , see Ch. 5 of B for the details). 

However, in the ‘simple’ nonlimiting case I > 1 one eventually succeeds 
in modifying the methods of Q, B (without having recourse to the Hardy- 
Littlewood maximal function!) to give a complete description of the trace space 
of the weighted Sobolev space ^((R^+^jy) with weight 7 G A!|°‘’(R"+^) in 
terms of the Besov spaces of variable smoothness that were introduced by the 
author B- We shall enlarge upon these results in § 3 . 

The case I = 1 presents the greatest challenge and calls for the development 
of a refreshingly different method. The situation is aggravated by the fact that 
even in the case 7=1 the extension operator from the trace space turns out to 
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be nonlinear j^, Q. On the other hand in Q it was shown that the extension 
operator from the corresponding trace space is linear if lima;„^j_>o 7(a;n+i) = 
+c» for a continuous weight 7 = ^{xn+i)- 

45 2 . Basic notations and definitions 

As usual, and N will denote the set of all nonnegative and positive 
integers respectively. Also, Z” is the linear space of vectors in R" with integer 
components. 

Throughout we shall hx n € N, which will only be used to denote the 
50 dimension of the Euclidean space R". A point of the space M" will be written 
as x = (xi,..., Xn), and a point of the space R"+^, as the pair (x, t) {x G R", 
t S R). The space R" will be identihed with the hyperplane R" x {0} of the 
space R"+^. 

The symbol C will be used to denote (different) insignificant constants in 
55 various estimates. Sometimes, if it is required for purposes of exposition, we 
shall indicate the parameters on which some or other constant depends. 

o|a| 

The derivatives will be written in the multi-index notation: := „ „ c,„ , 

2 ^ ,, ,(yx ^ 

where a is a vector from with noniiegative components (a = (ai,..., an+i))-, 
|a| := |ai| -I-h |a„+i|. 

60 Given a measurable subset E of the space R"^, d = n, n -|- 1, we denote by 
\E\ the Lebesgue measure of E, and by xe, the characteristic function of E. 

By an open cube Q in the space R'^, d = n, n -I- 1 (or simply a cube, if the 
dimension of the ambient space is clear from the context) we shall mean a cube 
with sides parallel to coordinate axes. By Q we denote the closure of a cube Q 
65 in the space R'^, d = n,n + 1 which will be called a closed cube. By r{Q) we 
denote the side length of Q. 

d 

Given k G Z+, m = (mi,..., rud) G Z'^, we let Qk^rn ■= O denote 

2 = 1 

an open dyadic cube of rank k in the space R*^, d = n, n -I- 1. 

n 

Let/:= n(-l,l)- 
2=1 
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By a weight we shall imply a function 7 S which is positive 

almost everywhere. 

Next, for a measurable set E C of positive measure and a weight 7, 

we define 


7B := ]^ yy 7(2;, t) dx dt. 


It what follows we shall be concerned only with weights that locally satisfy 
the Muckenhoupt condition. Following we introduce 


Definition 2.1. We say that a weight 7 G if 


IQ < ess inf 7(0:, t) ( 2 . 1 ) 

(x,i)€Q 

for any cube Q in of side length r{Q) < 1 . It is clear that > 1 . 


Remark 2 . 1 . The next elementary observation will be used in the sequel. Let 
Q be a cube in with side length r{Q) < 1 , and let Qi C Q be a cube of 

halved side length. Using (EH), we clearly have 


ess inf < 7Q, < ■r^7Q < <^^2”+^ ess inf 7(2;, t), 

/ / 'y(x,t) dx dt < C^\Q\ essini ^{x,t) < C^\Q\ ess inf 'y(x,t) / / "f{x,t)dxdt. 

JJ U.t)eQ (x,t)eQi JJ 

Q Qi 

( 2 . 2 ) 


From 
(a > 1), 


one easily obtains that, for k G Z+, m, m' G \m — m'\ < 


ess inf ^{xjt) < C{C~,,n,a) ess inf 7(2;, t), 
(x,t)£Qk,m (x,t)&Qk^m.' 

'y{x,t) dx dt < C{Cj,n,a) JJ j{x,t)dxdt. 
Qk,m Qk,m' 


( 2 . 3 ) 


We give a detailed proof of only the first inequality in (j 2 . 3 l) , because the proof 
of the second one is similar. Assume that for fc G N the cubes Qk,m and Qk,m' 
are disjoint, but have common boundary points. Then there exists a unique 
cube Q with twice greater side length containing both cubes Qk,m and Qk,m>- 
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Besides, the side length of the cube Q is at most 1, because the side lengths of 
the cubes Qk,m and Qk,m' is at most i. From ( 12 . 21 ) we get 

essinf 7 ( 0 ;, t) < 2 "+^C't, ess inf 7 ( 3 :, t) < 2 "'+^C'.^ essinf (2 4) 

(a:.t)6Qfc,m ^ (x,t)GQ 

75 Now the first inequality in (12.3p with k > 1 clearly follows from estimate 

(1131). 

We also note that, for k G Z+, m G IP, 


essinf ^{x,t) = min essinf ^(x,t). 

(x,t)£Qk,m Qfc + l,m'CQfe,m (a:, t) + 


(2.5) 


Now the required inequality (in the case fc = 0) easily follows from (12.41) . 

(1231) . 

Let c > 1, 7 G A!|°'^(IR."'+^) and Q be an arbitrary cube in the space 
with side length r{Q) < c. Arguing as in the derivation of the first inequality of 
(12.3p and using (12.4p . (12.51) . this establishes 


7q 


<Ci{n,C^,c) V 7 Qo,m < C' 2 (C' 7 ,n,c) V essinf 'y{x,t) < 


mez"+^ 
Qo,m n <35^0 


m^Z 

Qo,m n Q#0 


{x,t)eQa,, 


<C 3 {C-y,n,c) min essinf ^(x,t) < C 3 {C^,n,c) essini j(x,t). 

meZ"+^ (a:,t)G(3o,m {x,t)^Q 

Qo,mnQ#0 

( 2 . 6 ) 

Besides, for any cube Q in the space with side length r{Q) < 1, 

'y{x,t) dx dt < C{C-y,n,c) jj ^{x,t)dxdt. (2.7) 

cQ Q 

The proof of estimate (1371) is similar to that of dUD and is based on the 
80 second inequality of (12.31) . 


Definition 2.2. Assume that a weight 7 G A!|°‘^(R"+^), I G N, and is a domain 
in By VF((r 2 , 7 ) we will denote the linear space of functions which are 

locally integrable on fl and have finite norm 

||/|W((0,7)|| := ^ ||7f?“/|Ai(^^)||. (2.8) 

H<i 
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For 7 = 1 we shall write Wl{fl) instead of 1). 

By -D“/ in (12.81) we denote the (Sobolev) generalized derivatives of a function / 
of order a (see Ch. 1 of or Ch. 2 of 121 for equivalent definitions and basic 
properties). 

85 Remark 2.2. Using (12.61) and Holder’s inequality, we see that if the weight 
7 G H^]°‘’(1R"+^), I G N and U is a bounded domain (in the space K"+^), then 
the space bF^(U, 7 ) is continuously embedded in the space Wl{Vl) (with the 
embedding constant depending on n, diamU and the constant C^). 

The following fact will be frequently useful. For completeness, we give the 
90 proof. 

OO 

Lemma 2.1. Let d G N, / G Li(K.‘^), and let G N, = |J Rj, where 

i=i 

measurable sets Rj are such that any point z G K"’* lies in at most than N sets 
from the family {Rj}^^. Then 


CO p 

E / \f{z)\dz<N\\f\L,{ 


Proof, From the hypotheses of the theorem we see at once that 


XRj (z) <N, x€ 


Hence, we have the estimate 

OO p OO p 

YJ \fiz:)\dz = Y J XRA^)\fi^)\dz = 






RTi+i i=i 


3. The nonlimiting case 


In this section we shall modify the methods of and give a complete 

description of the trace space of the space 1 F[(K"+^, 7 ) on the hyperplane M" 
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under the condition that 7 G Z > 1. Until the end of this section, 

»5 Qk,m {k G Z+, m G Z”) will denote dyadic cubes of rank k in the space R". 

For the rest of this section we fix a parameter Z G N, Z > 1, and a weight 
7 G Next, we set 

7 fc^m := 2 ^* JJ 'y{x,t)dxdt, (Zc,m) G Z+x Z". 

Qfe,mX(0,2-*^) 

Remark 3.1. From (12.31) it clearly follows that 'yk,m < Ci{C.y,n,c)jk,m' for 
k G Z+, m,m' G Z", \m — m'\ < c (c > 1). Furthermore from (12.21) we have 
^ U 2 (U..y , n, Z) 7 /c,m ; ^ U 3 ((lZ..y , U, Z)7A:+l,m' for k G Z_|_, m, 771 G Z 

and Qfe+i Cl (5fc,r?T,- 


100 For further purposes we shall need the definition of the Besov-type space of 
variable smoothness. Actually, we give a particular case of Definition 2.5 of [l|, 
because we shall not need the whole range of the parameters (and such general 
assumptions on the variable smoothness). 

Given a measurable function (p and x,h G R", we define A’'{h)(p{x) := 

i 

X) (—l)*C';V(a^ + 'ih). Next, for a function ip G L)°‘^(R"’) and a cube Q in the 
space R", we set 

:= 1^ / J \^\f^M^)\dxdh. 

r{Q)I Q 

By E^{Q)tp we shall denote the best Li((5)-approximation to a function 
105 (p G L!|°'^(R"') on a cube Q by polynomials of degree < Z. 


Definition 3.1. By i?*(R"’, { 7 ^, „}) we shall denote the Besov-type space of 
variable smoothness {'^k,m\ equipped with the norm 


^|D'(R",{7fe.„i}) := EE (Qfc,?7i)^ “J' ^ ^ TOjin II (Qo,r: 


k—1 




(3.1) 


Remark 3.2. According to 


[l||, for c > 1 , 


p>\B\R'^,{-fk,m}) ~E E 7fc.m2'=”A'(cQfc,„)v2+ ^ 7o.m||¥^|bi(Qo.. 


k—1 


m^Z” 
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Definition 3.2. A function if G is said to be the trace of a function 

/ G on the hyperplane R" (written tr |t=o/ = ‘^) if) for any open Q 

(in the space K"), 

J \ip{x) — f{x,t)\ dx ^ 0, t —>• 0 . (3-2) 

Q 

Let E C be the linear space of functions / that have the trace on 

the hyperplane R". In what follows, by Tr we shall denote the linear operator 
Tr : A —>■ L*]°'^(R") defined by Tr[/] = tr \t=of = 

Theorem 3.1. The linear operator Tr : IT((R"+^, 7 ) —>■ B’’(RE, {'-fk,m}) is 
110 bounded. Moreover, there exists a bounded linear operator Ext : _B*(R", {'jk.m}) 
IT((R"'“''^, 7 ) such that TroExt = Id on the space -B^(R”, {7fe,m})- 

Proof. Step 1. Assume that a function / G IT((R"'“''^, 7 ). Then Remark 12.21 
and Theorem 2 of § 5.2 of [ill show that the function / has the trace (which we 
denote by ip) on R" and moreover 


f{x) = lim f{x,t) for almost all x G R". (3-3) 

Let us prove the estimate 

\\ip\B\m-,{jk,m})\\ < C||/|1T((R”+\7)II, (3.4) 

115 where the constant C > 0 is independent of the function /. 

Let TO G Z" be fixed. By Remark 12.21 using the definition of the (Sobolev) 
generalized derivative of /, and (13.3|) we have 


t 

f{x, t) — f{x) = J Dtf{x, t) dr for almost all x G 


(3.5) 


Using (13.51) . (12.11) this gives 


70,m J \T{x)\dx <-fo^m J J \f{x,T) - f{x)\ + \f{x,T)\dxdT 


< 


Qo,5 

/ 


Qo,m 0 


(3.6) 


< 


J J ^ix,T)\Dtfix,T)\dxdT + J y7(a;,T)|/(a:,T)|dTda: . 

\Qo,m 0 


Qo,m 0 
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Summing estimate (HH) over all to G Z", we see that 

^ l(),m f \^p{x)\dx <Cy\\f\WliW^+^,-f)\\. 

^’77 n. 

we get the estimate 


(3.7) 


m^Z”' 


Qo,- 


From estimates (3.4) of Lemma 3.1 of P], 

5 \Qk,m)^<C 2 >^'^ J J ^ t'-'|i^“/(x,t)|dtdx, (3.8) 


ClQk.m 0 l“|-' 

in which the constants C, Ci, C 2 depend only on 1, n. 
An application of (12.ip gives 


i—1 m' 

Qk,mCQj 


i—1 m^GZ^ 
Q k,m^Q j 


7 (x, t) dx dt < 




<C^y" V ess inf -flx.t) < ess inf 7 (x,t). 

^ „ (2:.t)xQ,-„,x(0.2-i) (a;,t)eQfc,„.x( 0 . 2 -'=) 

Qfc.mCQj,^/ 

(3.9) 

For brevity, we put g{x,t) := ^*~^l-D“/(x, t)| for {x,t) £ IR”+^. 

|a|=i 

We fix the smallest number ko £ Z+ for which 2^° > C 2 (the constant C 2 is 
the same as on the right of p.8l) L 

The following equality holds for k £ Z+, to G Z" 

2-(k-kQ) 2-0 2~^ 

/ p 00 CP ^ P P 

/ g{x,t)dtdx = EE g{x,t)dtdx+ / / g{x,t)dtdx 

■I y j=k-koQl^J,_, 


j=k m'eZ" o , 2 - 3-1 


(3.10) 


Clearly, for fc G N, to G Z", 

< 22'="||(^|Li(C(n,0QG™)ll- 


Hence, using the finite overlapping multiplicity of the sets C(n, l)Qk,m with 
k £ {l,..,fco}, TO G Z", and using Remark l3.11 it follows from (|3.7II that 

fco 

*5^1 ■” ^ ^ ^ ^ ' 7 k,md {Qk,m')^ ^ ^ ^ 70,m ||V^|Ll (Qo,m) || ^ 

k—1 m^Z^ m^Z^ 


<C(n,;, fco, C^)||/|fHi'(K"+\ 7)11- (3.11) 
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The sets have finite (depending only on n,l) overlapping 

multiplicity (when index k € is fixed and m € Z" variable), and hence, using 
Remark l3.II it follows from (13.8p that 


2 -(k-ko) 


^2 := ^ ^ 7k,mS‘(Qk.m)^ <C 

k—ko + 1 mGZ'^ k—ko + 1 mGZ'^ ^ n 

Vfc,Tn, ^ 


g(x, t) dx dt 


(3.12) 


Substituting (13.101) into the right-hand side of (13.121) . changing the order of 
summation (in k and j), using Remark 1 3.1 1 and estimate (13.91) . we obtain 

2“^ / 

OO p n 

Y. / / 

J = 2-'^- 


3+ko 


E E ^ ^ 2'=" 


k—1 

\ Qi.m'CQfc 


k—j-\-l 

Q 2 _oQfe,, 


g{x^ t) dtdx 

< C'y^ inf 7 ix,t) [[ g(x,t)dxdt< 

j-lmGZ 

^^EE JJ 7 {x,t)Y,\D^f{x,t)\dxdt<C\\f\Wi{R-+\ 7 )\\ 


lk,r. 


3 — 1 


"Qj,mX(2-J-l,2- 


|a|=i 


(3.13) 


125 in which the constant C > 0 depends only on n,l,C-y,ko. 

Now estimate (13.3p follows from (13.71) . (13.lip . (13.131) . 

Step 2. The construction of the extension operator Ext : { 7 k,m}) 

1 T((]R"'+^, 7 ) and the proof of its boundedness require minor modifications of the 
Step 2 in the proof of Theorem 3.1 from [l|. However, for the completeness of 
exposition we give the detailed proof. So let ^ partition of unity for 

the ball := (— 1 , 1 ); that is, ipkit) > 0 for fc e Z+, t € B^ and V'/c (0 = 1 
for t G B^. Besides, 

V-O e C'- (ri \ ^bJ , iiik e Co- \ for k e N, 

\D^Mt)\ < Ci2'=l'^l for tGB\ kG Z+. 


Assume that, for any k G Z+, only two functions tpk and i/jk+i do not vanish 
on the set 2~^B^ \ 2~^~^B^. Hence, D^ipkit) = —D^ipk+iit) for t G 2~^B^ \ 
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2 -fe-i^i existence of a sequence {V’fej^o the above properties may 
130 be proved as it was done, for example, in § 4.5 of the book [ll| in the proof of 
the trace theorem for unweighted Sobolev spaces. 

We set 

OO 

f{x,t) := tjjk{t)E 2 -k[ip]{x) for (a:,t) e 
fc=i 

where, the operator (with e > 0) is defined as follows. 

For a function ip G we set 

Es[>f]{x) :=/ ^(^G^)^{z)dzdy, a; e K". 

(3.14) 

We shall not write down precise expressions for the constants pj and the 
function 0 from (I3.14|) . which may be found in the authors’ paper (Section 4). 
135 The only important thing for us is that 0 G f 0(x) dx = 1. 

The following estimates are also of great value for us. Their proofs may be 
found in the authors’ papers [ll (Lemma 3.1) and (Lemma 4.2). 

A multi-index a = (ai,.. ., an+i) will be written as {a', a„+i). 

For any number e > 0, a multi-index a' = (ai, .., an), \a'\ = I, and x G R", 

\D^'E,[ip\{x)\<j^6\x + eI)p. (3.15) 

Moreover, for any numbers 0 < ei < £2 a multi-index /3' = (/3i, ..,l3n), and 
X G M", 

\D^ E,,^[ip]{x) - E,,^[ip]{x)\ < C -^^6‘{x+ tl)ipdt. (3.16) 

For later purposes we note that by the construction the function / vanishes 
140 on the set R" x (R \ B^). 

We set ■= Qk,m x {2-’^B^ \ 2->^-^B^) for kGZ+,mG Z". 
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Clearly, 


_ 7(1,i) E |D"/(.t,()I+ E \D°‘f{x,t)\ I dxdt 

^2-® |a|=i,a„+i=0 |a|=i,a„+i>0 

OO n p 

= E E JL^ 

k—l m^Z”' ^k,Tn 

xj \D°‘f{x,t)\+ Y 10°^ fix, t)\\dxdt. 

|a|—/, ckti+i—0 \a.\—l, a^+i >0 

Taking into account properties of the functions ipk and applying estimate (I3.16|l , 
we see that 



E f7ix,t)\D°‘fix,t)\dxdt = Y 

|a|—Z, a 7 i + l>0 ""k,m |a|—/,an + l>0 "~'k,m 

X \D°‘^+'^fjkit)D°‘'E2-kipix) + D°‘’'+'^jPk+iit)D°‘'E2-(k+i)ipix)\ dxdt 
< ^ 2 ^“"+i ff ^ix,t)\D°‘ E2-k(pix) — D°‘ E2-(k+i)(pix)\dxdt 

|a'|=^-“n + l 


< C22-Sfc. 


/ / \A'‘ih)(piz)\dhdz 

'cQk,^ Jl/2'- 

for ken, me Z". 


dx dt 


(3.17) 


The constant C > 1, which is the dilation coefficients of the cubes Qk,m, 
depends only 01x1,71 and the diameter of the support of the function 0 from (13.141) . 
Similarly, it follows from (13.151) that 


E l^^lix,t)\D°‘'fix,t)\dxdt 

\a'\=r •'-I’fn. 



7 (a;,t) max{|L)“ ii; 2 -fc(p(x)|, |£>“ E 2 


< (722"'= 


^k,m 



I A'(/i)(/?(z)| dh dz 


for 


dx dt 

ken, me IT. 


(3.18) 
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Using the definition of the function /, we have, for |q;| = I, 

X! // j{x,t)\D°‘f{x,t)\dxdt< 

< u ^ 70,^11^5 I ii(UQo,m)|| < E I ^l(Qo,n^)ll, (3-19) 

m^Z’^ m^Z”' 

145 since the cubes CQ^ ^ have finite overlapping multiplicity (the constant C is 
the same as in (I3.17|) l. 

Hence, summing up estimates (I3.17|l . (13.18^ in k and m, taking into account 
that the cubes CQ^ ^ have finite overlapping multiplicity (with fixed fc G N and 
variable m G Z"), and employing estimate (I3.19p . this gives 


E P“/ I Ui(K”+\7)II < C\\ip I 

\a\=l 


(3.20) 


To estimate the generalized derivatives D°‘f for |a| < I we write, for each 
{x,t) G M" X B^, the integral representation of the function D°‘f in the cone 
(see §3.4, [ll||), 

V{x,t) = |(a:,t)(l -^) +^(x',t') I ^ G [0,1], {x',t') G {x, t + 3)'^ 

(here ii?"+^(x,t + 3) is the ball of radius ^ centred at {x,t + 3)), and use 
Remark 16 of § 3.5 in [^. 

Let |a| < 1. Since f{x,t) = 0 for |t| > 1, we have 

|Zl“/(x, t)| < C E [[ \D^f{x,t)\dxdt for {x,t)£W^xB^. 

\^\—l + 

Hence employing Holder’s inequality and (|2.ip . (|2.3p . we obtain, for m G 

|a| < I, 


jj 'y{x,t)\D°‘f{x,t)\dxdt 

Qo,m X 

< C E [ // 7 (x,t)dx(it] [_essinf 'y{x,t)Y 

i77^, JJ CQo„xBi 


CQo.mXBl 


X I I 'y{x,t)\D^f{x,t)\dxdt 

'CQo.mXBl 
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'y{x,t)\D^f{x,t)\ dxdt. 


(3.21) 



150 Summing up estimate (I3.21|) over m and taking into account the finite 
multiplicity of the cubes CQ"^ ^ (with fixed k and variable m) in view of (|3.20|) 
we obtain 


\\f\Wl{R^+\j)\\ < C(n,Z,C^,0)||^|S'(R",{7fe.^})||. 


It remains to show that (p = tr |j,=o/- We fix an arbitrary cube Q in R". 
Almost every point x € K" is a Lebesgue point of the function ip, because 
p G Lj°‘^(]R”). Hence, for almost all a; G R", 


gs{x) ^ [ \p{x') - p{x)\dx'^ 0 as 50. 

° Jx+SI 

Consequently, by the Lebesgue convergence theorem. 



\p{x) — i? 5 [(^](a;)| dx < C 


g-g{x) dx ^ 0 as (5 —>• 0 . 


(3.22) 


Note that in the right-hand side of (13.221) we put S := C{n, I, 0)5. 

From (13.221) and the definition of the function / it easily follows that p is 
155 the trace of the function / on the hyperplane = 0 . 

The proof of Theorem 13.11 is complete. 


Remark 3.3. In the case I = 1, 7 (^ 1 ,.., a;„+i) = a G (0,1), all the 

arguments employed in the proof of Theorem 3.1 remain valid. By we 

shall denote the classical Besov space. Using the fact that B^(R", { 7 ^^™}) = 
160 (the proof may be found in [l|. Remark 2.9) with 7 (a;i,.., a::„+i) = 

|a;„+i |““, a G (min{l, I — 1}, max{Z, I — 1}), we see that in this setting our result 
agrees with those obtained in Theorems 1.1, 1.2 of Q]. It is worth pointing out 
that in it was assumed that the weight 7 = |a;„+i|““. Under this assumption 
the paper is capable of encompassing the cases 7 ^ A*°'^(R"'+^). However, 
165 after some modifications of the proof of our Theorem 3.1 one may show that for 
a G (min{l,Z — l},max{Z,Z — 1}) the trace of the space IU((R”+^, |a;„+i|““) is 
the classical Besov space B\~^'^°‘ . 
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4. The limiting case 


In this section we shall be concerned with the problem of complete description 
of the trace space of the Sobolev space 7) with I = 1 and 7 G 

^i^oc(]^n+i)_ jjQ^g problem is equivalent to the problem of the 

description of the trace space of the Sobolev space ITr 7) on K". Indeed, 

this follows from the easily verified fact that the operator of even extension from 
ITr 7) into the space (]R"+^,7) is continuous. 

Before proceeding with precise statements, we first give a brief ‘heuristic’ 
description of this problem in order to clarify, on the intuitive level, the principal 
impetuses for further constructions. 

Unfortunately, the Besov-type space of variable smoothness B^(R^, {'jk,m}) 
(considered in the previous section) are poor candidate for the role of trace space 
if a weight is only subject to the constraint 7 G 

It is not hard to see that for I = 1 estimate (EH) fails in general, and 
hence one may not expect an estimate like p.l3l) . In addition to this technical 
impediment there are much deeper reasons for the unfitness of the spaces i3^(R”, { 7 ^,™})- 
Indeed, even in the case 7 = 1 the classical Gagliardo’s result shows that 
Tr = Ti(R”). In this case the space i3^(R”, coincides 


with the Besov space of smoothness zero B?'}( 

H i’ 

implies, in particular, that B^{ 


141 for details). Next, 


’■) (see 


^ Ui(R") for 7 = 1. 


So, the trace space contains functions with inappropriate smoothness properties. 
It is also worth pointing out that, according to Peetre Q, the extension operator 
Ext : Li(R") —>■ lUj (R"^^) (which is the right inverse of the trace operator) 
cannot be linear. 

On the other hand, for the weight 7 = 7 ( 0 :, t) = e G (0,1), the methods 

of the previous section also work! To this aim one needs to slightly modify 

estimate (13.9|) . In spite of the fact that Z — I = 0, we succeed in achieving 

a ‘geometric rate’ on account of the fact that inf > 2 ^ inf 

*£(0.2-'^) te(o,2-''+i) 

As a good candidate for the trace space in the general case one should 
consider a space whose elements are able to appreciably change their smoothness 
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characteristics when transiting from a point to a point, because the ‘rate of 
decay’ of a weight may be substantially different at different points. As distinct 
200 from the case I > 1, in which, roughly speaking, the trace space is ‘quasi- 
homogeneous’, in the case I = 1 the trace space turns out to be ‘essentially 
nonhomogeneous ’. 

In the case I > I a sufficiently rapidly growing geometric progression {2^*} 
helped to control the strong inhomogeneity of a weight. However, the limiting 
205 case p = I = 1 calls for a more subtle analysis of the local behaviour of the 
weight near each point of the hyperplane on which the trace is considered. 

An important step in this analysis is the construction of a special system of 
tilings of the space K". This system of tilings will replace the standard system 
of tilings of the space M" composed of all dyadic cubes numbered by indexes 
210 {k,m) G Z+ X Z”. The cubes in our special system of tilings will be numbered 

by indexes {k,m) G A C Z_|_ x Z”. Here, the algorithm for construction of the 
index set A is based on combinatorial arguments and is nonlinear. Namely, the 
set A depends not only on the weight 7 , but also on the function /. 

In this section we shall denote by Q (respectively, Q) an open (closed) cube 
215 in the space R". 

Definition 4.1. Assume that we are given a set of dyadic closed cubes T = 
{Qa}aeA, A C Z_|_ X Z”, in which different cubes have disjoint interiors and 
R” = U Qa- We shall call this family a tiling of the space R". 

aeA 

Definition 4.2. A tiling T' = {Q^jaeA' will be said to succeed a tiling T = 
220 {QJ a^A (written T' >- T) if each cube Qq./, a' € A', of the tiling T' is contained 
in some cube Q^, a G A, oi the tiling T. 

Definition 4.3. Assume that for any s G Z_|_ we have a tiling T'* = {Q* 

A'* C Z+ X Z" of the space R". Assume also that >- T'* for s G Z+. Then 
the set T = {T'*} = will be called a system of tilings of the space R". 

225 The next lemma is an important combinatorial instrument required in the 
definition of the trace space. 
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Lemma 4.1. Let be a tiling of the space R". Then, for each number 

A = 2~^°, kf) G Z+, there exists an index set A C A such that 

1) R" = U Qa, Qa ■= (1 + A)(5q, 

aeA 

230 2) any point x G R" lies in at most (n + 1)2" cubes from the family 

{Qa}c^X’ 

3) ifQaClQa' ^ <2!, then {QaClQa'l > C{n,X)min{\Qa'\, \Qa\}, 

4) every cube Qa,a G A is not contained in IJ Qa'- 

Oi' ^A,oc' ^oc 

Proof. Since the set A is countable, we can enumerate all the cubes {QalagA 
235 by natural numbers: {Qo-jaeA = {Qai}^i- We set S'® := A. Let be the first 
index for which Qai C IJ Qat ■ If there is no such index, then we set A = A 

and complete the construction. We exclude the cube Qai from our system and 
consider the index set S^ := A \ {ai^}. It is clear that R" = IJ Qa- Assume 
that we have already constructed indexes ii < ... < ik and sets S^ D .. D . 
240 Let ^ Zfc be tli6 first iiRtiir&.l nniribcr for wliicli ^ U Qa- 

If there is no such number, then we put A = and complete the construction. 
We exclude the cube from our system and consider the index set := 

S^ \ {oifc+i}. It is easily checked that R" = J Qa- This being so, either the 

QgSfc+l 

set A will be obtained in a finite number of steps or we get an increasing sequence 
245 of natural numbers {ik}'^^i and a sequence of sets 5”^ D • • • D D .... Let 

OO _ 

A = Pi . We claim that A is the required index set. 

fe=i 

By the construction, R" = J Q® for each k gN, and hence R" = J Qa- 

aGS’' aSA 

This proves assertion 1). 

Let us prove assertion 4). Assume there is a cube Qa, such that Qa, C 
250 J Qa- But then there exists a biggest number 0 < /cq < /cq and a set 

aeA\{ai,^^} 

5'*o for which Qa, C J Qa, contradicting the construction of A. 

'“0 , , 
aeS'^o 

2) We claim that the overlapping multiplicity is at most (n + l)2". Indeed, we 
fix an arbitrary point xq G R" and estimate the number of cubes from the family 
{Qa}a(£A fl^at contain this point. In doing so we shall modify one trick from 


17 



Lemma 1.1 of 1^. Namely, we draw through the point xq the planes that are 
parallel to the coordinate planes. This will give us 2" quadrants (closed!) with 
vertex at Xq- We fix arbitrary quadrant and consider the cubes that contain xq 
and whose centers lie in this quadrant. Clearly, the lemma will be proved once 
we show that there are at most (n + 1) such cubes. 

Assume the contrary. Note that if the centres of the cubes Qa 3 xq and 
Qa' 3 Xq lie in the same quadrant, then the center of one cube lies in the other 
cube. This implies, in particular, that either Qa C Qa' or Qa' C Qa (inasmuch 
as A = 2“^, k € Z_|_). It follows that if r(Qa) = r{Qa') then these two cubes 
coincide. Hence, we may assume that the side lengths of the cubes containing 
the point Xq and whose centres lie in the same quadrant, are strictly decreasing. 
Then, numbering these cubes in decreasing size, we see that the centre of the 
next cube (in the order of decreasing size) is contained in its direct predecessor. 
As a result, the centre of the cube with number n + 2 (which we denote by 
Qag) will be contained in at least n + 1 cubes from the family {Qaja^J' 
claim that such a case is never realized (we shall obtain a contradiction with 
the algorithm for choosing the cubes). 

The key observation here is that Qag C Qa' if and only if Qag C Qa' ■ Hence 
if Qag C Qa' (for o:o,a' S A), then the closed cube Qag cannot wholly lie in 
the cube Qa' (because otherwise Qag C Qa' and the cube Qag will be excluded 
during the construction of the set A). 

So, having a fixed quadrant and a cube Qag with center in this quadrant, we 
estimate the number of cubes Qa, a G A, whose centers lie inside this quadrant, 
which contains the cube Qag, but which do not contain the cube Qag- We will 
show that there are at most n such cubes. 

We note that the facets of any Q can be canonically labeled by natural 
numbers from 1 to 2n. Assume that a cube Qa' A Qag does not contain the 
cube Qag and r{Qa') > r{Qag)- Then, for some i G {1,..., 2n}, the ith facet of 
the cube Qag lies in the Hh facet of the cube Qa', for otherwise we would get the 
inclusion Qag C Qa' (because Qag C Qa'), which contradicts the construction. 
Next, if the ith facet of the cube Qa' contains the ith facet of the cube Qag, 
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then there is no other cube Qq" containing the cube Qag (whose center lies in 
the quadrant under consideration!) which has such a property. 

Indeed, let Qag C Qa", Qao C Qa' and r{Qao) < r{Qa^^) < r{Qa’). We 
claim that if the zth facet of the cube is contained in the ith facet of the 

290 cube Qq./, then the ith facet of the cube Qa^ is not contained in the ith facet 
of the cube Q^„. 

From the construction of the index set A it follows that the closed cube 
Qciq is not wholly contained in the cube Qa' and in the cube Qa"- Hence, 
QaoflQa' =0, QaoflQa" =0. 

205 Consider dyadic cubes with side length ^r{Qa') lying in the set Qa' \ Qa'- 
Since Qao C Qa' and since Qao fl Qa' ~ among the above cubes there exists 
a unique dyadic cube Q/jj, D Qao (note that r{Qi 3 o) = ■|?’(Qa'))- Besides, the 
ith facet of the cube Qag is contained in the ith facet of the cube Q^^ (because 
by the assumption the ith facet of the cube Q^,^ lies in the ith facet of the cube 

300 Qa')- 

For further purposes we shall need the following key observation. Assume 
that we are given two arbitrary cubes Qa' and Qa" - Then the distance between 
the hyperplanes containing the ith facets of these cubes is either zero or is not 
smaller than the side length of the smallest of these 2 cubes. 

305 Now we consider two cases. In the first case r{Qpo) < i"{Qa'') and Qao C 
Qa"- If the ith facet of the cube Q^, and the ith facet of the cube Qa" lie in 
the same hyperplane, then it is clear that the ith facet of the cube Qa^ cannot 
simultaneously lie in the same hyperplane with the ith facet of the cube Qa' 
and in the same hyperplane with the ith facet of the cube Qa" (as required). 

310 If, however, the ith facet of the cube Qa' and the ith facet of the cube Qa" 
do not lie in the same hyperplane, then the distance between the hyperplanes 
that contain these facets is not smaller than r{Qa'') > ^{Qij^). But in this case 
it follows by simple geometrical considerations that the distance between the 
hyperplanes containing the ith facet of the cube Q^/and the ith facet of the 

315 cube Qa" is positive. Hence, the ith facets of the cubes Qao) Qa'j Qa" do not 
lie in the same hyperplane. 


19 



In the second case r{Qp^) > r{Qa" ). If the distance between the hyperplanes 
containing the ith facets of the cubes and Q^„ is positive, then by the above 
observation and since f it follows that the distance from the hyperplane 
320 containing the ith facet of the cube Qa" fo hyperplane containing the ith 
facet of the cube (and hence Qa>) is positive. If now the ith facets of the 
cubes and Q^,, lie on one hyperplane, then the ith facet of the cube Q^ff 
does not lie in the same hyperplane with them. 

In all cases considered above, we see that the ith facet of the cube is 
325 contained in the ith facet of the cube (and hence, Qa'), but is not contained 
in the ith facet of the cube Q^„. 

Let j = j{i) be the index corresponding to the facet which is parallel to 
the ith facet (recall that the facet are labeled in the canonical way and that 
the labeling is the same for each cube). It now remains to note that if the ith 
330 facet of the cube Qao facet of the cube Q^, D Qqq, the jth 

facet of the cube lies in the jth facet of some Q^„ D Qao: und besides, 
i'{Qa'),T{Qa'>) > then the centers of the cubes Qa' und Qa" cannot lie 

in the same quadrant. 

Let us now prove assertion 3). Assume that Qaf]Qa' ^ 0- We set lo = 
335 -I min{r(QQ,), r(QQ,')}. Then the cube Qa and the Qa' can be represented as 
a union of dyadic cubes (possibly containing portions of their boundaries) with 
side length Iq. But open dyadic cubes of the same size length are either disjoint 
or equal. Hence, there exists at least one cube with side length Iq which is 
contained both in the cube Qa and in the cube Qa' (because the intersection 
340 of such cubes is nonempty). Now the required estimate \Qa fl Qa' I > (loT > 
C{n, A) minllQal, |Qq'|} is clear. 

Notations. We shall frequently use the following notation. Given a fixed 
parameter A = 2“^, k € Z+, and a cube Q in R", we set Q := (1 + A)Q. Given 
k G Z_|_, m a IT' ^ we set 

Hfc^yn •— Qk,m X (O 5 ^(Qfc.m))? ^k,m •— Qk,m ^ ^(Qk,m)) j 

^k,m •— (^(Qa)) ^ '~ik,nfi- 
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If T = {Qa}aGA IS a tiling of R”, then by A we shall denote the index set 
which was constructed in Lemma 14.11 

Assume we are given a system of tilings T = {T®} of the space R" and a 
345 fixed parameter A = 2“^, /c € Z+. Applying Lemma 2d] for each s G Z+ to the 
tiling T®, we obtain the covering S® of the space R" by cubes 

In the cases when we know that a = {k,m) € A® C Z+ x Z", then instead 
of 7 fc,m, 7 /c,m, Ak,m, Ak,m, we shall write, respectively, 7 ®, 7 ®, fi® , 11 ® . 

For a function (p G and a given system tilings T = {T®}, we denote 

1 


‘Pa = 




(p{x)dx, s S Z+, a € A®. 


Qi 


By q we shall denote the smallest of C > 1 for which 

r{Qk,m) 


1 


8|nfc^; 


J j 'y{x,t)dttx <C^k,m', 


SQk.m 0 

where fc G Z+, m G Z”, and Qk,m' C 8Qk,m- 

Let q := . From the dehnition of q and 


we have 




k G’L+, \mi — TO'|<l,fG{l,..,n}, 


(4.1) 


'lk,m ^ < {\?% ,m) k ^ Tn,Tn G Z , Qk+l,m' C Qk,m- (4-2) 

The role of the parameter q will be transparent at Step 1 of the proof of 
Theorem 4.1. 

Definition 4.4. Let ci,C 2 > 1. A system of tilings T = {T®} = {r®}“ q(ci, C 2 ) 
of the space R" (T® = {Qa}aeA^, where s G Z+), is called admissible for 
355 a weight 7 if, for each s G Z+, the following conditions are satisfied: 

1) if Qa n Qa' + fhen 7 ® < C 17 ®, for a, a' G A®; 

2) if Q®t^ C Q®, then 7 ® < 027 ®+^ and 7 ®!^^ < C 27 ® for a G A®, a' G A®+i; 

3) max{r(Q®t^) : x G ^ min{r(Q®) : x G Q® } for any x G R”; 

4) r{Q^) > 2“^®, a G A®, for some strictly increasing sequence of nonnegative 

360 integer numbers with = 0 
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Theorem 4.1. Let a weight 7 G A = 1 + 2~^ ik G Z+). Then 

there exist constants Ci(n,C-y),C 2 {n,Cj) > 1 such that, for any function f G 
7 ), there exists a system of tilings T = {T'*}(ci,C 2 ) of the space M" 
that is admissible for the weight 7 and is such that 

\g^i-g,ix)\dx<C{n,C^,X,c,,C2)\\f\W^{Rl+\^)\\. 

(4.3) 

Proof. Step 1. For each function / G Wf , 7 ) we construct a required 
system of tilings of the space K" that is admissible for the weight 7 . 

First we construct an auxiliary system of tilings {T'*} that will satisfy only 
properties 1), 2) and 4) of Definition 14.41 Next, for r G N, r > 1 we choose 
365 a required subsystem {T'*} := {T’’®} of the system {T'*}. 

Let {lj}jTi be a strictly increasing sequence of nonnegative integer numbers 
such that Iq = 0 and 

||/|hFi(R" X (0,2-'^+i))|| < i||/|fFii(K” X (0,2-'0)||, J G Z+. (4.4) 

We construct the required system of tilings {T^} by induction. 

Induction basis. We first build a tiling To do so we put := {Qq j„}mGZ", 

:= {0} X Z”, and for each to G Z" we paint the cube Qq ^ yellow. 

Induction step. Assume that for s G Z+ the tiling T'* = {Qa}aeA^ 

370 constructed. Let us construct the tiling We fix a cube Q* for a G A®. 

Suppose that 7 ® G for some j G Z. We decompose the cube into 

dyadic cubes (Q^^, say) of twice smaller size. Among these cubes, we select 
those satisfying the estimate ^k,m > q^~^^ and paint them blue. Note that in 
view of estimate ( 021 ) we have ^k,m G (it is important here that 

375 the parameter q is sufficiently large!). We decompose the remaining cubes into 
the cubes Q^+i m') select those for which 7 fc+i,m' > and paint these cubes 
blue. This process is repeated until the side length of a cube will be 2“^®+L In 
this case we either have a tiling of the cube Q* consisting of only blue cubes 
or there will be cubes C Q* for which 7 z^_,.i,m" < In the latter 


E 


70,m II ^|Ei (Qo,m) II EE 7 : 


S = 1 


a£A^ 
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380 


case, we paint these cubes yellow. The resulting tiling of the cube 

will be composed of the so-chosen blue cubes and the remaining yellow cubes. 
Combining the corresponding tilings of the cubes Q* over all a G A®, we obtain 
the tiling of the space R". By we shall denote the set of pairs of 

indices {k,m) G Z+ x Z" for which Qj. ^ G 
385 Clearly, for each s G Z+, the tiling T® is composed of at most countable set 
of dyadic cubes. 

If we apply Lemma 4.1 for each s G N to the tiling T®, we obtain a covering 
2 ® of the space M” by cubes {Q%} ~. 

We next check that the system of tilings {T®} satisfies conditions 1), 2) 
390 and 4) of Definition 14.41 ('in which the index sets A® should be replaced by A®). 

Condition 4) is easily seen to hold. 

We claim that Condition 1) of Definition 14.41 is satisfied with constant ci = 
q^. Let QaClQa' ^ ^ Assume that 7 ®, > For any cube 

we let b{Ql^) denote the number of blue cubes QI' D (for j < s and 
395 a' G A^). From our assumption it follows that there exists a natural fco > 1 
such that the number of blue cubes containing the cube Q^i is greater by fco 
than the number of blue cubes containing the cube Q^. But then there exist 
a blue cube A Q®, and a yellow cube Q*” D Q® such that 7 ®“ > (Z^““^ 7 q° ■ 
By the construction, r(Q®«J < r(Q®'l). Besides, Q®“ f] Q®^ 0 by Q® f] Q®, ^ 

400 0 . It follows that Qap C 8(5®“, (because A < 1) , and hence, 7 ®“ > | 7 ®“. 
A contradiction is reached. 

We now check condition 2). Let be the parent of the cube (5^^^. By the 
construction of the system of tilings, we have 7 ® < and 7 ®!*’^ < 97 ^. 

Let r G N, r > 5. Consider the system of tilings {T®} := {T’’®} and define 
405 := A’'®. Clearly, the system of tilings {T®} satisfies conditions 1 ), 2 ) (with 

the constants ci = q^, Ci = q^) and 4) of Definition 14.41 

Let us check condition 3) of Definition l4.4l To this aim we fix a point x G R". 
Let (5a 9 X be a cube with largest side length among the set of cubes 

that contain the point x (this cube may not be unique). Let 
410 ( 5 )j® 9 X be a cube of smallest side length among all cubes from the family 
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of which each contains the point x (the cube E5 x may also 
be not unique). Consider the following chain of nested dyadic cubes C 

.... C Qq,// (in this chain each succeeding dyadic cube is a unique parent of its 
predecessor). If this chain contains at least one yellow cube, then we have the 
result required. Indeed, by the construction, for any QO®, a £ (and hence, for 

■,-lr. Tf.v_ 


Q^a') have the estimate ^(QO®) >2 If the cube 

^.^r(s + l)^ _ / io-ir 


is yellow, then 

= 2 “b(»+i) < i2“*'’y If another cube of the above chain is yellow, 
then the side length of this cube is clearly smaller or equal than 2“^'’“. The cube 

■^r(s + l) , ,-?:rr(s + l) . 1 _l 

lying strictly inside it and hence r{Q^ ) < ^2 In both cases 
condition 3) is satisfied. 

Suppose now that all cubes in this chain are blue. Assume that H Q))® 7 ^ 

0 and r(Qa(®+^^) > ir(Q;i) for a' £ A*-®, a G aA«+i). Then C 
and hence, 7 ))? > On the other hand, by condition 1) of Definition 14.41 

(as was pointed out above, this condition is satisfied with Ci = q^) and since all 
the cubes in the chain C .... C are blue and r > 5, we have the 

estimate > 9 ^ 7 ))?/ and hence 7 a*'*~'"^^ > 97 ))? (in view of condition 1 )). 

This contradiction completes the verification of condition 3). 

Step 2. We claim that estimate (14.3|) holds. Arguing as in the proof of Lemma 
3.1 of [l|, we see that 


\Va - ^{x)\dx < 


Q% 


< 




J j W{x)-q}{y)\dxdy < JJ \ Vf {x, t)\ dtdx, 


S G ^4-5 Q! G .A . 


Q% Q% 


(4.5) 


From (14.51) we see at once that 

00 n 00 n n 

XI XI -^p{x)\dx < X X ^« // Wf{.x,t)\dttx < 


s=0 


Oi^A^ 


QS 


s=0 


a^A” 


00 n n 00 n n 

<X X fix, t)\dtdx+ Y^ y] 7® // |V/(x,t)|dtte = S'!+ 5'2. 

^—n 'To 'f r. — n 'To ^ ^ 

(4.6) 


s= 0 _ aGA" 

is yellow 


s=0 


_ 

is blue 
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The sum Si is easily estimated by (14.41) . Using the finite (independent of j 
and m) overlapping multiplicity of the sets 11 ;^. (when index j is fixed and m 
is variable) and Lemma 12.IL we arrive at the estimate 


ess inf [[\V f{x,t)\dttx < 

(x.d.n, JJ 

is yellow “ 

CO 


p p 

// -f{x,t)\Vf{x,t)\dttx < X (0,2“'0.7)II < 

j^o m&nj i^O 


<C\\f\W^iRl+\'f)\\. 


(4.7) 


We note that the constant C > 0 on the right of (14.71) depends only on 
A, n, C-y. 

430 Given s G Z+, a G A^, we set := 11^ \ ( (J If®,). 

a'eT's+i 

The sum S 2 is estimated from above as follows (we change the order of 
summation in (s, a) and {j,a'), respectively) 

00 00 „ „ 

S 2 <Y^ %Y E JJ \'^fix,t)\dxdt 

is blue 

00 j 

^^EEE E rjfmiGi,f]n:,)\\). (4.8) 

j=0 a'eAi ®=0 _ aGA" 

QinQi,,9^^ 

Qq, is blue 

The main idea to be used for continuation of estimate (14.81) is close to that of 
(j3.13|) . However, here we are facing some substantial technical challenges. First, 
the diameters of the sets H® (from the right of (14.81) 1 may greatly differ from 
each other for a fixed s and variable a. Hence, the number of cubes P| Q® ^ 0 
435 may be fairly large. Second, a more refined analysis of the behaviour of numbers 
7 ® is required. We are unable to work with such numbers as with elements of 
a geometric progression (as this was done in (13.131) 1. Indeed, taking numbers 7 ®( 
(ai G A®i) and 7 ®^^ (02 G A®=) so as to have Q®\ fl 7 ^ 0 and Q®= f] ^ 0 
we may not guarantee that at least one of the embeddings (3a\ C Qaa ^02 


25 






440 


hold. The main idea will be to build a chain of cubes C ... C and 
take care only about the numbers 7;^,, ..,7°//. These numbers will play the role of 
a ‘skeleton’ which ‘supports’ the remaining numbers 7®. Next, we split the set of 
numbers {7;^,, ..,7 °//} into two sets. The first one will contain the numbers which 
behave like a geometric progression. The other set will contain the numbers 
445 which, broadly speaking, do not behave like a geometric progression. In the 
second case estimate (ig will again prove useful. The formal proof proceeds as 
follows. 

To continue estimating (14.81) we need the following important observation. 
We fix indexes j S and a' € AL Given s S {0, ...,j}, we let 
450 (,5s(o') S denote the unique dyadic cube from the tiling T® that contains 

the cube 

We next use the fact that the system of tilings T = {T®} is admissible for 
the weight 7 (assertion 1)), apply assertion 2) of Lemma 14.11 and hnally employ 
Lemma l2.ll (For each fixed s and variable a, the overlapping multiplicity of the 
sets n® is finite and independent of s and a.) We have 

j j 

Q® is blue 

<C(ci,n)E7^.(a')ll/|W"i(GiOII- (4.9) 

We next partition the index set {0,..., j} into two disjoint sets: {0,..., j} = 
where 

^r®, := {s = 0 ,..., j I (3^^(„)is blue},^ T^, := {s = 0 ,..., j | is yellow}. 

We continue with estimate (I4.8|l . Using (14.91) . we have 

OO 

^2<E E ( E 7AK))ii/i^i(G'a')ii+ 

3=0a’eA^ se^r^^, 

OO 

+ E E ( E 7^,(a'))ll/|W^l(Gi0ll=:^2.1+^2.2. (4.10) 

J=0a'eA^ 
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The following estimate is clear from the construction of the blue cubes: 

E <<!%'■ (4.11) 

From (|4.11l) . using Lemma [2. II there we use the finite overlapping multiplicity 
of the sets which is independent of j and a') and (EH), EH. we get 

OO 

S2s<CY, E %'\\f\wHGi,)\\ < 

f=0a'Gl" 

OO 

<^E E \\f\WHGi,,l)\\<C\\f\W^{Rl+\^)\\. (4.12) 

1=0 a'GA^ 

Given i £ Z+, m £ Z", we set Ei.^m ■= \ U Ilii+i.m'. For further 

purposes it is useful to recall that a yellow cube is of the form Qi^ ^ with some 
j £ Z+ and m £ Z". 

455 To estimate 82,2 we shall require the following key observation. We fix 
indexes j £ Z+ and a' £ AK Let Ei.^m H G^^, ^ 0 for some 1 G Z+, m S Z". By 
elementary geometric considerations we see that (a')), where 

So = maxfsls £^ FG}. Indeed, otherwise we would have riQi, m) > r(Qi° , ,J, 
and hence, r{Qi^^^^rn) > r(Qg° , ,,). But then G^, C IJ which 

“ m'GZ" 

460 contradicts the condition Ei^^m fl ^a' 7 ^ 

Moreover, if the cube C Qp^(^a') with s £^ T^,, then the cube Qi^^m C 
Qg Here, the dyadic cube Qg has common boundary points with the 
cube Qg and besides r{Qg = r{Qg But this in combination with 

(14.2p implies that 

i 

E! 7/3s(a') ^ g E! E! lls,m' ='■ Gti^^rn- (4-13) 

Sg 2 pj s=0 

Using (14.131) and Lemma EH (here we use the finite overlapping multiplicity 
of the sets G%, which is independent of s and a), we two times change the order 
of summation (first, with respect to (j, a') and (z, m), and then with respect to 
(z, m) and (s, m')) and take into account the equality Hq.^m' = U E!u,rm 

(2,m) 
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estimate (EH) and estimate (14.41) . As a result, we have 


^ 2,2 E E E 

j=0 i=0 mGZ" 

CXD y 2 \ 

^C-EEIE E %,m')\\f\W^{Eu,m)\\< 

i=0 meZ" '^s=0 m'eZ'* ^ 

oo 

^^E E 7;..rn'|l/|W^i(n;.,™0ll < 

s—0 

oo oo 

<^E E ll/|W^i(ni..™s7)11 <C^||/|Vhi(M"x(0,2-'»),7)11 < 

s—0 s—0 

<C||/|VF1(R!^+\7)||. (4.14) 

Combining estimates (14.101) . (14.121) . (14.141) . we find that 

^2<C||/|VF1(R”+\7)||, (4.15) 

where the constant C depends only on C^, n, A, ci, C 2 , q. 

Now estimate (liTH)) follows from (|3.6I) . (14.61) . (14.71) . (|4.15l) . This completes 
the proof of the theorem. 

For further purposes we shall require a special partition of unity on R." x 
465 ( 0 , 2). Let T = {T'*}^g(ci, C 2 ) be a system of tilings of the space R" that is 

admissible for the weight 7 . The subsequent arguments will be carried out 
for A = 2, even though they hold with minor technical modifications in the 
general case A = 1 + 2“^, k G Z+. Hence, in what follows, Qk,m. = ‘^Qk,m for 
{k,m) G Z+ X Z" and Q® = 2Q® for s G Z+, a G A®. 

470 Given k G Z+, m G Z", assume that a function 0^ „j G C')j”(R") is such that 
dk,mix) G (0, 1] for X G Qfc.m, Ok,mix) = 0 for X G R” \ Qfc.m, and \Vdk,mix)\ < 
Cg2^ for X G R" with constant Cg > Q independent both of fc, m and T. We 
also assume that ^ Ok,m = 1 on R". 

Next, given k G Z+, assume that a function ij^k G (^“((O, cxd)) is such 
475 that -ipkit) G (0,1) for t G (|2“'', |2“''+^), ipkit) = 0 for t G (0,+oo) \ 
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(i2-*,|2-*+‘),aiid 




< for t > 0 with constant > 0 independent 


both of s and a. We also assume that ^ ■0^ = 1 on (0, 2). 

feez+ 

We set Qk,m = dk^m^k for fc e Z+, m e Z". It is clear that Qk,m & 
C^{Rl+^) and 


I] 0fe,m(x,t) = l, (x,t) eR” X (0,2). (4.16) 

For every (fc, m) € Z+ x Z" we have 


|V0fe,™(x,f)| < CsC^2\ {x,t) € K!^+i. (4.17) 

In what follows we shall require some combinatoric arguments. Recall, that 
we are dealing with the case A = 2, and so Q% = 2Q^. Given s € Z+, a S R®, 
we set B® := {{k,m) e Z+ x Z" : Qk,m C Q® }. 

For any fixed s G Z+, we represent the index set R® as a union of finite 
485 number (by condition 4) of Definition 14.4|) of at most countable index subsets 
A®A, k G {1, which are pairwise disjoint. Besides, we shall require that 

^(<3a) = I'iQa') foi' ^ € {1, ■•■,i(s)}) and r(Q®) < r((5®,) for 

a G R®^, a' G A®A+i (fc g {1,..., t{s) - 1}). 

Now, given fixed s g Z+ and k G {1,..., t(s)}, we label the cubes {Qa}aeA‘’'‘ 
by natural number; that is, (for each s and k the 

procedure of labeling is, in general, different, but for us this is immaterial). Let 
B® ^ = B® ^. If for some fc' g N we have already constructed the index sets B® . 

k' 

(j g {1,.., fc'}), then we set B® , := B® , \ (J B®.. So, by induction, for each 

i=i 

fc' g N we construct the index set B® . Arguing similarly for all fc g {1,..., t(s)} 
and next for all s G Z+, we shall construct the index sets B® for any s G Z+ 
and any a g A®. Finally, we set 

K--=K\ U 

Note that the sets B® for s G Z+, k G {l,..,f(s)}, a G A®A are pairwise 
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disjoint. Hence it clearly follows from the inclusion C that nK' = ^ 
for (s,a) ^ {s', a'). It is easily checked that H® C |J I?®, for any 

s'>s,0''gA^ 

s € Z+, a € A®. Hence, from the definition of the sets i?® and conditions 3) of 
Definition 14.41 one readily verifies that 

y U Ei=Z+xZ-. 

sez+ 

We set 

9 a{x,t) := ^ Qk,m{x,t), (a;,t)GR++^ 

{k,m)GE^ 

The next lemma follows from (14.181) and (14.191) . 

490 Lemma 4.2. The functions g® have the following properties: 

1) 5 ® G for s G Z+, a G I®, 

OO 

2) E 9 ^{x,t) = 1 for {x,t) X (0,2), 

agA® 

3) for any point {x,t) G there exist at most C{n) functions g® for 

which 5 ® (x, t) > 0 , 

4) for any s G Z+, a G A® 

|V 5 :(a:,f)| <C2^ (4.20) 

495 The constant C > 0 on the right of (|4.20l) depends only on n, C^, Cg. 

Henceforward, fin will denote the Lebesgue measure in R". 

The following fact will be crucial to all our subsequent work. 

Lemma 4.3. Let 7 G A = 2, ci,C 2 > 0. Let T = {T®}“q(ci,C 2 ) 

be a system of tilings of the space R" that is admissible for the weight 7 . Then 
for every s G , a G H.® the following inequality holds 

JJ 'l{x,t)\Vg-^{x,t)\dxdt <C%pn{Qa)- (4-21) 

suppgj 

The constant C > 0 depends only on n, ci, C 2 , C^, Cg,C-y. 


(4.18) 

(4.19) 
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Proof. Given any {k,m) G Z+ x Z”, let Qk,m := Qk,m x For 

fixed s € Z+ and a G A'* we consider only those cubes Qk,m, {k,m) G E^, for 
which the function is not identically zero on 2Qk^m- Clearly, the number of 
such cubes is finite (in general, depending on s and a). Let be the 

above set of cubes. By (I4.19L (14.201) we have, for any s G Z_|_ and a G Z", 

|Vg®(a;,f)| <Cin,C^,Ce)ir{Qj{s,a)))~\ {x,t) G2Qj{s,a). 


Hence, 

„ „ n(s,a) 

JJ l{x,t)\Vg^^{x,t)\dxdt <C ^ gn{Qj{s,a)) 


1 


Mn+l {Qj (S) Ct)) 


7 (a:, t) dxdt. 


2Qj (s,a) 


(4.22) 

We shall henceforward denote by Qj (s, a) the projections of the cube Qj (s, a) 
to the hyperplane R” x {0}. 

Note that, for any j G {1,.., n(s, a)}, the side length r(Qj(s,a)) > r(Q^f^) 
for some a' G for which Qj(s, a) H ^ 0. Indeed, otherwise r{Qj{s, a)) < 
2r((5®t^) for all a' G for which Qj{s,a)f]Q^J'^ ^ 0. Hence, Qj{s,a) C 
U U Qk rm which shows that the cube Qj (s, a) cannot be contained 

in the set g^. But this contradicts the construction of the cubes {Qj{s, 

Thus, from the above we have x (0,r((5^t^)) C 8 Qj{s,a) C 8 Q^ x 
(0,r((5a))- Hence, using (14.31) . (14.41) and conditions 1), 2) of Definition 14.41 


r7: < 


C{q,n,ci,C2) “ fkn+iiQjis,a)) 


JJ 'y{x,t)dxdt < C{q,n,ci,C 2 )%. 


2Qj {s,a) 

(4.23) 

From (|4.22l) . (I4.23|) we conclude that the lemma will be proved once we prove 
the estimate 

n{s,OL) 

IXn{Qjis,a)) <CfiniQi), 
in which the constant C > 0 depends only on n. 


(4.24) 
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We fix indexes s € Z+, a € A® and a number I G N. Consider the set 

_ s+l ^ 

C/(s,a,Z):=Qn U U 

®'=® _ a'eA’’' 

QinQ“'//0 

2-V(Qi)<r'(Q“',)<r(Q”) 

It is easily checked that U{s, a,l + 1) C U{s, a, 1) C Q® for I € N. 

Note that if the function Vg® is not identically zero on the cube 2Qj{s,a) 
with side length r{Qj{s, a)) = 2~^r{Q%) for I G N, then 

Qj{s,a)^d{U{s,a,l)\^U{s,aJ + 1)) ^ 0. (4-25) 


It is also easy to see that for I G N 


^J.n{QJ{s,a)) < C{n) Y IJ-niQj{s,a)). 

je{l,..,n{s,a)} je{l,..,n{B,a)} 

r(Q,(s,a))=2-V(QJ) r(Qj (s,a))=2-C(Qi ) 

2Qj {s,a) n dU (s,a,Z+l)^0 2Qj (s,a) f) dU{s,Oi,l)^(d 

(4.26) 

Next, we may assume that n > 2, for otherwise the arguments in the case 


n = 1 are substantially easier. 


The key observation is that, for every I G N, 


E 


s+l 

a))<E E 2-W{Ql)^,^.,[^{Qi,^Ql))< 

jg{l,..,ra(s,a)} 


ol' 

r(Qj(.s,a))=2-’^r{Q%) 


Q“'/nQi#0 

Qj{s,a) \ 1 


2 -V(Qi)<KQi'/)<^(Qi) 

s+l 

< C{n) Y 

s' —s 

E 

2 l'(Qa) \Qs' Pi qs I 
r(Q®',) '^“'1 


a GA 

2“C(Q*)<r(Q=',)<r(Q“) 


(4.27) 


From (|4.25l) . (14.261) . (I4.27|) . and taking into account that ^ = 2 ^ (on 

ol ' / 
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the right of (I4.27l) i. we have, for some j € Z+, 


oo s+1 


< C(n)/x„(g^)+ C'(n)^ ^ 

je{l,..,ra(s,a)} 


s'—s 


E 

a'GA‘ 

Q^'-nQi /0 

2 -V(Q^)<r(Q»',)<r(Q^) 


2 -g(g^) 

^(Qa') 




s+1 


<C{n)J2 E 

s'=s _ “' 6 ^° 
Qi'/nQ^/0 


(4.28) 


Now estimate (14.241) follows from (|4.28l) . The proof of the lemma is complete. 


Theorem 4.2. Let a weight 7 G ci,C 2 > 1. Assume that for 

a function tf G L{°'^(IR.") there exists a system of tilings T = {T®}(ci,C 2 ) 
admissible for the weight 7 such that 


00 « 

'70,mV^0,?7i E E 

ael- 


(/?(a:)| dx < 00 


Then there exists a function f G 7 ) such that (p = trji^o/; 

moreover, 

00 ^ 

C\\f\Wl{WpW\\ < E 7o,m||‘/2|-^-i(go.m)||+X1 E y iT’a -‘/2(a:)|da:- 

meZ" S = 1 ctgjja 

(4.29) 


T/ie constant C > 0 on the left of (14.291) depends only on n, C-,., A, ci, C 2 . 


Proof. We shall prove the theorem for A = 2, but our arguments will hold 
in the general case A = l + 2“^,fcG Z+ with minor technical modihcations. 
Step 1. We set 

OO 

gl^{x,t)ipl, {x,t)GWl+^. (4.30) 

S = 0 

Note that the function / G (^“(M^^)- We claim that (|4.29|) holds. 
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To this aim we first estimate the integral 


J := / / 'y{x,t)\Vf{x,t)\dx dt = 


Z CXD 

J J 'y{x,t)\Vf{x,t)\dx dt + J J ^{x,t)\\/f{x,t)\dx dt =: Ji + J 2 . 


From Lemma 4.2 we have 


|V/(a;,t)| I'^alXgo (a:), x € 

aeA° 


t > 2. 


The cubes Qo,m have finite (independent of m) overlapping multiplicity, and 
hence by (12.31) we have 

J2<C E To,??! E Wo ,m' I j < C" E ^0,m\WWl{Qo ,m) II ■ 


___ m'^Z 

Qo,m' nQo,m/0 


m^Z”' 


(4.31) 


Clearly, the constant C in (|4.31|) depends only on n, Cj. 

Now let us estimate the more involved integral Ji. Since R" x (0,2) C 
(J U supp we find that 

sGZ+ 

OO n n 

JJ 'y{x,t)\\/f{x,t)\dxdt. (4.32) 


s=0 


supp Pi X (0,2) 


Given a fixed index sq € 1+ and ag € we use Lemma (assertions 1), 

2), 3)) and recall that the system of tilings T is admissible (condition 3) of 
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Definition 14.4|) . We have (if sq = 0 we set formally sq ~ 1 = 0) 


JJ 'y{x,t)\Vf{x,t)\dxdt = jj l{x,t) 


suppgJ'J n*"x( 0 , 2 ) 


suppgj“ r|®”x(0,2) 




s=0 


ol^A‘ 


dx dt = 


II 

oo 

E E '^9Ux,y)ya - ‘pZ) 

nR"x(o. 2 ) 

^*=0 agA® 


dxdt < 


So + 1 

^ E 

S = SO —1 


E 

aeA** 
suppsj^ Rsupp 


JJ \'^9Ux,t)\j{x,t)dxdt^ I'^a-V’aol- 

VsuppgJO nK"'X( 0 , 2 ) 


(4.33) 


The main crux now is to estimate \ Vg^{x, t)| on the set supp P| R"x(0,2). 
By Lemma [4.31 and using conditions 1), 2) of Definition 14.41 we conclude that, 
for s e {so - l,so,So + 1}, 


l{x,t)\Vg{x,t)\dxdt < min{/i„(Q^),)} < 

supp n supp gj 

<c%yniQif]Qii). (4-34) 

Substituting estimate (14.3411 into (14.3311 and using conditions 1), 2) of Definition 14.41 
this gives 





p p <3U -* 

// 'y{x,t)\\7 f{x,t)\dx dt < C 

/ 


E 9n{Ql,f]QZWc. - \ ^ 


suppgjo r|*”x( 0 , 2 ) 


s=so —1 


aeA^ 

suppgjo nsuppgj^0 


sq + I 

E E 

s—So-l aeA^ 

supp gj“ n supp g^ 


7a J -ya\dx+ J \(p{x) - (fiX I dx j . 
\ Qi n qz 


Q^nQc 


(4.35) 


Summing estimate (14.351) over all indexes sq, ao, taking into account conditions 
1), 2) of Definition l4.4l using assertion 2) of Lemma l4.1l and employing Lemma l^TT] 
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(with d = n), we finally have 

Jl <C{ci,C2,Ci,C2,n){^ X! / IV’a X! 70 .m||‘^|il(( 5 o,m)||Y 

(4.36) 

Arguing as in the estimate 3.11 of [ij we have 

JJ 'y{x,t)\f{x,t)\dxdt<C jj ^{x,t)\Vf{x,t)\dxdt. (4.37) 


Now (14.29(1 follows from (14.3111 . (|4.36|1 . (14.371) . 

Step 2. We now claim that (p = tr|t=o/- 

For any fixed t S (0,1) from assertions 2) of Lemma (4.21 from condition 3) 
of Definition 14.41 and from (14.191) we have the following estimate 


\f{x,t)-(p{x)\ = 


9iix,t){(p%-(p{x)) 

s=s(t)-l agA" 

xeQi 


< V V 

xeQi 


1 


\Lp(x)—ip{x)\ dx. 


Note that the set Q® of cubes containing the point x forms a regular 


in the sense of S 1.8 of 


15|. Combining the arguments of §1.8 of 


(4.38) 

family 


15l | with 


condition 3) from Definition 14.41 and taking into account the finite (depending 
only on n) overlapping multiplicity of the cubes Q® (when s is fixed and a 
variable) it is easily deduce from (I4.38P that 


p{x) = lim^/(a:,t) for almost all x G 


(4.39) 


By Remark l2.2l using the definition of the (Sobolev) generalized derivative of /, 
it is found from (14.391) that 

t 

f{x,t) — (p{x) = j Dtf{x,T) dr for almost all x € M". (4.40) 


Next, by (14.401) and Remark (2.21 we have, for any cube Q, 
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t 


\f{x,t) -(p{x)\dx < J J 


Dtf{x,T)dr 


< 


Q Q 0 

< C{Cj,Q)\\f\Wi{Q X (0,t),7)|| —>-0, t ^ +0. 


520 The proof of the theorem is complete. 

Definition 4.5. Assume that a weight 7 G and ci,C 2 > 1. By Z = 

^({ 7 fc,m}, Cl, C 2 ) we shall denote the linear space of all functions ip G 
with finite norm (we set E(Q^)(p := E^(Q^)ip) 

00 

||(^|Z|| := inf^ ^ E 7o.m||^|Ai(Qo.,n)||, (4.41) 

S—1 

where the infimum on the right of (14.411) is taken over all tilings T — {T'®}^g(ci, C 2 ) 
of the space K” that are admissible for the weight 7 . 


The following main result of the present section is a direct corollary of 
Theorems QUO and the elementary estimate 


E{Qa) < J \(p{x) - (fil^ldx <2E{Ql^), sGZ+,aeA7 
Qi 

525 Corollary 4.1. Assume that a weight j G Then there exist numbers 

Cl > , C 2 > such that the operator Tr : (R"“''^, 7 ) .^({ 7 ^^^})ci,C 2 ) is 

continuous and there exists a (nonlinear) continuous operator Ext : Z{{jk,m},Ci,C 2 ) —> 
1T^^(M"~'’^, 7 ), which is the right inverse of the operator Tr. 

Remark 4.1. From the proof of Theorems 14.1114.21 it follows that for ci > q^ 

530 C 2 > q^ the space 2 ^({ 7 fe,m},ci,C 2 ) is independent of the choice of constants 
ci,C 2 , the corresponding norms being equivalent. Of course, the parameters 
q^ may be fairly large. But for us it is important that they are determined only 
from the sequence {jk,m}- Similarly, the space ^({ 7 ^^^}, ci, C 2 ) is independent 
of the choice of the parameter A (which controls the expansion of the cubes Q%). 
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635 


Hence in what follows the space ^({ 7 ^,™}, ci, C 2 ) will be denoted by Z{{'yk,m})- 
The following fairly subtle question is still open: find the constants cti , CT 2 such 
that for Cl > (Ti, C 2 > cr 2 , the corresponding norms in the space Z({jk,m}) are 
equivalent, but for ci < cti or C 2 < 02 the resulting norm is not equivalent to 
the norm of the space Z{{'^k,m\)- However, by author’s opinion, this question 
540 plays no critical role for applications. 

Let us establish some elementary properties of the space Z{{'yk,m})- 

Lemma 4.4. Assume that a weighty € andci > , C 2 > ■ Then, 

for the space Z = Z{{'^k,m}), we have the following continuous embeddings: 

c Zi{jk,m}) c 

The proof of the continuity of the embedding {'yk,m}) C Z{{'^k,m]) 

is clear. The second embedding follows from Corollary 14.11 Remark l2.2l and the 
simple estimate 


||tr |t=o/|ii(Q)||<||/|H^i'(Qx(0,l))||, 

545 where Q is a cube in the space R". 

Lemma 4.5. Assume that a weight 7 € and ci > q^, C 2 > q^■ Then 

the space ^({ 7 /c,m}) = ^({ 7 fc.m},ci,C 2 ) is complete. 

The proof follows from Corollarv id.ll and the fact that the space ITi 7 ) 

is complete. 

Remark 4.2. We claim that for 7 = 1 Gagliardo’s result follows from Corollarv l4.ll 
The embedding Li(]R") D Z{{'yk,m},ci,C 2 ) with ci > q^, C 2 > q^ is clear. To 
prove the converse embedding we note that 

00 

\\^\Z{{jk,m})\\<iniJ2 E E{Ql,,n^)T<CML^(R-)l 

ih J ■ n 

j—{A 

550 where the infimum is taken over all sequences {Ij} for which Ig = 0 and the 
corresponding series is converging. 
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